
CONDITIONING ANALYSIS OF NONLOCAL INTEGRAL
OPERATORS IN FRACTIONAL SOBOLEV SPACES

BURAK AKSOYLU∗ AND ZUHAL UNLU‡

December 19, 2013

Abstract. We study the conditioning of nonlocal integral operators with singular and integrable
kernels in fractional Sobolev spaces. These operators are used, for instance, in peridynamics formu-
lation and nonlocal diffusion. In 1D, we present sharp quantification of the extremal eigenvalues in
all three parameters: size of nonlocality, mesh size, and regularity of the fractional Sobolev space.
We accomplish sharpness both rigorously and numerically.

For the minimal eigenvalue, we obtain sharpness analytically by using a nonlocal characterization
of Sobolev spaces. We verify this estimate by exploiting the Toeplitz property of the stiffness matrix.
However, the analytical approach fails to give sharp quantification of the maximal eigenvalue. Hence,
in 1D, we take an algebraic approach by directly working with the stiffness matrix entries, which
have complicated expressions due to all three parameters. We systematically characterize the nonzero
entries and dramatically simplify their expressions by using convenient algebra. We establish the
zero row sum property of the stiffness matrix and negativity of the off-diagonal entries. Eventually,
we arrive at sharpness through the use of the Gerschgorin circle theorem.

Key words. Condition number, nonlocal operators, peridynamics, nonlocal diffusion, Toeplitz
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1. Introduction. The integral operators under consideration are used, for
instance, in peridynamics (PD), a nonlocal extension of continuum mechanics devel-
oped by Silling [51], and nonlocal diffusion [5, 14]. The important parameter in these
nonlocal formulations is the horizon δ which represents the size of nonlocality. The
domain Ω and its nonlocal boundary BΩ (a strip of width δ surrounding Ω) define
the nonlocal closure of Ω:

Ω := Ω ∪ BΩ.

We utilize the function space

VD(Ω) :=
{
v ∈ L2(Ω) : v|BΩ = 0

}
, (1.1)

and (·, ·) denotes the L2-inner product.
We study the conditioning of the weak form of the following nonlocal operator in

the fractional Sobolev space Hs(Ω), s ∈ (0, 1), by assuming u ∈ Hs(Ω):

Lu(x) = −2− 2s

δ2−2s

∫
Ω∩|x−y|≤δ

u(y)− u(x)

|x− y|d+2s
dy. (1.2)

Generalizations of (1.2) in the following form

Lu(x) = −cδ
∫

Ω∩|x−y|≤δ
(u(y)− u(x))γ(x, y)dy (1.3)
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are used in numerous applications such as the modeling of nonlocal diffusion [14, 47],
image processing [27], PD [51] and many more. In addition, the fractional Laplacian
operator is also an instance of L. See the review articles [14, 37] for a comprehensive
discussion and the recent book on PD [38]. We list a few applications in which PD
has been effectively used. For instance, in the context of multiscale modeling, PD has
been shown to be an upscaling of molecular dynamics [48, 50]. In [6], PD has been
demonstrated as a viable multiscale material model for length scales ranging from
molecular dynamics to classical elasticity. PD’s effectiveness has been established in
sophisticated applications such as fracture and failure of composites, nanofiber net-
works, and polycrystal fracture [42, 52, 53]. In addition, the prediction of crack paths
has been successfully modeled by PD [33]. Also see other related engineering appli-
cations [11, 32, 34, 43, 44]. We witness an intensive effort to construct mathematical
theory [2, 4, 14, 15, 16, 18, 20, 21, 22, 23, 24, 25, 26, 28, 30, 35, 36, 39, 40, 41, 48, 49, 55]
and develop numerical methods [1, 3, 12, 17, 19, 46, 54] for PD applications and re-
lated nonlocal problems. In this article, we study PD formulations in 1D and nonlocal
diffusion in general dimensions. The bilinear forms of interest are given in (1.4) and
(1.5).

Studying the nonlocal operator (1.2) in fractional Sobolev spaces is interesting
in its own right; see the excellent review article [13]. One of the main reasons that
we focus on L is PD. The fact that PD is an effective model in capturing jump
discontinuities in displacement field is a main incentive to study L in fractional Sobolev
spaces. Since such discontinuities arise in the modeling of cracks and failure in the
material, it is paramount to study function spaces that contain jump discontinuities.

Jump discontinuities belong to fractional Sobolev spaces Hs(Ω) with s ∈ [0, 1/2].

Unlike the local case, in Hs(Ω) with s ∈ [0, 1/2], the trace operator is well-defined
and boundary value problems with volume constraints are well-posed [14].

Aside from the horizon δ, the parameters h and s denote the mesh size and
regularity of the fractional Sobolev space, respectively. The main goal of this article is
to answer the following open problem: What are the sharp δ-, h-, and s-quantifications
in the condition number of the stiffness matrix? The condition number plays a central
role in the development and analysis of preconditioners. Our study lays the foundation
of preconditioner research for nonlocal problems in fractional Sobolev spaces. The
studies that are most closely related to our results are the first author’s preceding
work [2, 3] and [14, 55]. The first conditioning results for integrable and singular
kernels were reported in [2, 3] and [14, 55], respectively. The corresponding bilinear
forms are given in (1.5) and (1.4), respectively. We improve these results by fully
revealing sharp δ-, h-, and s-quantifications of extremal eigenvalues, i.e., λmin and
λmax. We achieve this improvement by resorting to linear algebra, thereby, gaining a
big advantage in obtaining sharp quantifications involving all underlying parameters.

For construction of the stiffness matrix, we utilize the weak formulation of (1.2)
which gives rise to the corresponding bilinear form [3, Eqn. (3.4)]:

a(u, u) =
1− s
δ2−2s

∫
Ω

∫
Ω∩|x−y|≤δ

(u(x)− u(y))2

|x− y|d+2s
dydx. (1.4)

We also visit the integrable kernel case with the following bilinear form:

b(u, u) =
3

2δ3

∫
Ω

∫
Ω∩|x−y|≤δ

(u(x)− u(y))2dydx. (1.5)

The main conditioning results of this article are as follows:
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Theorem 1.1. For the bilinear forms given in (1.4) and (1.5), the following
spectral bounds, respectively, provide sharp δ-, h-, and s-quantifications of the extremal
eigenvalues for the underlying discretizations:

ch ≤ λ ≤ c
(

8(21−2s − 1)

s(1− 2s)(3− 2s)
h1−2sδ−(2−2s) − 8(1− s)

3s
hδ−2

)
, (1.6)

ch ≤ λ ≤ c
(
5hδ−2 − 6h2δ−3

)
. (1.7)

We emphasize that the bounds in (1.6) and (1.7) provide sharp δ-, h-, and s-
quantifications of the extremal eigenvalues. In our context, sharpness means that the
bounds capture the exact expression as a function of δ, h, and s in extremal eigen-
values λmin and λmax. The remaining positive constants c and c have no dependence
on δ, h, and s.

For λmin, we utilize the nonlocal characterization of Sobolev spaces introduced in
[10] and related results from [45]. This nonlocal characterization of Sobolev spaces
has been used for solving variational problems arising in image diffusion applications;
see [7] and the references therein. We obtain sharp quantification of parameters of
λmin. In addition, we verify the sharpness of quantification of λmin by exploiting the
Toeplitz property of the stiffness matrix.

For λmax, we first use norm estimates. However, it turns out that the resulting
quantifications are not sharp. The norm estimate technique is valid for any spatial
dimension, but sharp quantification is lost because the inverse estimate obscures de-
pendence on the parameters. To achieve sharpness, we take an “invasive” algebraic
approach and work with matrix entries directly since the condition number is mostly
an algebraic quantity. This matrix based analysis is relatively simple, yet powerful,
and it seems to be a more holistic and effective approach in our case. We achieve
sharp quantifications of λmax through the use of the Gerschgorin circle theorem.

The rest of the article is structured as follows. In Section 2, we discuss a conve-
nient scaling of the operator which prevents degeneracy of the nonlocal operator and
provides its convergence to the local one. In Section 3, we present the sharp quan-
tification of λmin in (1.6) through the nonlocal characterization of Sobolev spaces. In
Section 4, we use norm estimates to find a quantification of λmax. In Section 5, we
utilize two popular discretizations: piecewise constant and linear finite elements. We
carefully construct the stiffness matrix entries and establish its Toeplitz property. In
Section 6, we achieve the sharpness of the quantification of all parameters of λmax

in (1.6) and provide the numerical verification of sharpness. The Toeplitz property
opens another gateway to numerical linear algebra and in Section 7, we verify the
sharpness of λmin obtained in Section 3 algebraically and numerically. In Section 8,
we visit the integrable kernel case and provide sharp quantification of λmin and λmax

by recovering the missing h-quantification from the first author’s earlier work [2, 3].
Finally, we conclude in Section 9.

2. Scaling of the operator and convergence to the local case. The
general form of the operator L in (1.2) involves a scaling factor cδ which is obtained
from an energy estimate. To be precise, it is derived from a comparison of the de-
formation energy density in the PD framework to the energy in the classical linear
elasticity, as pointed out in [24, 25, 55]. The energy estimate enforces the following:

τδ := cδ

∫
Bδ(0)

1

|x|d+2s
|x|2dx < +∞. (2.1)
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The condition (2.1) allows for a wide choice of cδ. The choice of

c−1
δ :=

1

ωd

∫
Bδ(0)

1

|x|d+2s
|x|2dx

=
δ2−2s

2− 2s
(2.2)

as a scaling factor in (1.2) leads to a more specialized energy estimate than (2.1):

τδ = ωd, (2.3)

where ωd denotes the surface area of the unit sphere in Rd. There are several justi-
fications for the convenience of the choice in (2.2). Since PD is a nonlocal extension
of classical solid mechanics, one expects the convergence of the nonlocal operator to
the local one as δ → 0. Hence, as we will show next, this choice corresponds to
the additional constraint that the nonlocal operator converges to the local operator
when δ → 0. The exact choice in (2.2) immediately guarantees the positive definite-
ness (nondegeneracy) of L as δ → 0. Similar convergence arguments related to scaling

have been discussed in the literature; see [35, Chap. 9], [49]. In 1D and for u ∈ C4(Ω),
using a change of variable together with a simple perturbation expansion reveal the
convergence to the local operator 1:

Lu(x) = −cδ
∫ δ

0

u(x+ e)− 2u(x) + u(x− e)
e1+2s

de

= −cδ{
δ2−2s

2− 2s
u′′(x) +O(δ4−2s)} = −u′′(x) +O(δ2).

Furthermore, denoting the local bilinear form by

`(u(x), u(x)) = (u′(x), u′(x))

and by using integration by parts with a homogeneous Dirichlet boundary condition,
the bilinear form converges to the local bilinear form as δ → 0:

a(u, u) = (Lu, u) = cδ{
δ2−2s

2− 2s
`(u, u) +O(δ4−2s)}

= `(u, u) +O(δ2).

We can also observe the convergence of eigenvalues. Let us consider the eigenvalues
of the local operator with u(0) = u(π) = 0 and the eigenvalues of the odd periodic
nonlocal operator. The eigenpairs are (k2, sin(kx)) and

(cδ

∫ δ

−δ

1

|y|1+2s
(1− cos(ky))dy, sin(kx)), (2.4)

respectively. Again, by devising a perturbation expansion for cos(ky) and rearranging
the integral, we observe that nonlocal eigenvalues converge to the local ones:

cδ

∫ δ

−δ

(1− cos(ky))

|y|1+2s
dy = cδ{k2 δ

2−2s

2− 2s
+O(δ4−2s)} = k2 +O(δ2).

In addition, (2.2) eliminates the δ and s dependence of λmin and as shown in Lemma
3.4, λmin depends only on h. Hence, the δ- and s-quantifications of the condition
number reduce to that of λmax; see Section 3.

1Throughout the article, the “local problem” refers to the 1D Laplace problem with homogeneous
boundary conditions.
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3. Minimal eigenvalue and nonlocal characterization of Sobolev
spaces. In order to reveal the δ-quantification of the minimal eigenvalue, we prove
a nonlocal Poincaré’s inequality. The main ingredient leading to the δ-quantification
is a nonlocal characterization of Sobolev spaces introduced in [10, 45]. First we recall
the standard local Poincaré’s inequality:

‖u‖L2(Ω) ≤ cPncr‖∇u‖L2(Ω) (3.1)

holds true for all u ∈ H1(Ω) satisfying either∫
Ω

u dx = 0 or |{x ∈ Ω : u(x) = 0}| = µ > 0.

The constant cPncr depends only on d, µ and Ω and we assume that it is the small-
est constant. The nonlocal Poincaré-type inequality obtained in [10, 45] utilizes the
sequence of radial functions ρn satisfying the following conditions:

ρn ≥ 0 a.e. in Rd (nonnegativity), (3.2a)∫
Rd
ρn(x)dx = 1, ∀n ≥ 1 (probability measure), (3.2b)

lim
n→∞

∫
|t|>r

ρn(t)dt = 0, ∀r > 0 (decay). (3.2c)

For a pure Neumann boundary condition setting, a nonlocal Poincaré-type in-
equality was proved in [45]. In [2], the first author generalized this result to cover
spaces that come with mixed boundary condition:

VM := {v ∈ L2(Ω) : v = 0 on BΩe}.

The set BΩe refers to the portion of the boundary where a Dirichlet boundary condi-
tion is imposed. We denote the complement BΩ \ BΩe by BΩn. In particular, also in
[2], we have given the nonlocal Poincaré-type inequality for VD as below:

Lemma 3.1. For any η > 0, there exists n0 such that

‖u‖2
L2(Ω)

≤ (
cPncr
kd

+ η)

∫
Ω

∫
Ω

|u(x)− u(y)|2

|x− y|2
ρn(|x− y|) dydx (3.3)

for all u ∈ VD and n ≥ n0. Here kd is a constant that depends only on d.
The proof of Lemma 3.1 relies on the following compactness result and follows

from [2, Lemma 3.2] by replacing VM by VD:

Lemma 3.2. If (un) ⊂ VD is a bounded sequence in L2(Ω) such that∫
Ω

∫
Ω

|un(x)− un(y)|2

|x− y|2
ρn(|x− y|) dydx ≤ b0 ∀n ≥ 1,

then the following statements hold:

(i) (un) is relatively compact in L2(Ω).

(ii) If u ∈ L2(Ω) and unj → u in L2(Ω), then u ∈ H1(Ω) ∩ VD.
(iii) Moreover, the limit function u satisfies the following gradient estimate:∫

Ω
|∇u|2 ≤ b0/kd.
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Proof. The results follow from [45, Thm 1.2] and the fact that VD is a closed

subspace of L2(Ω).

We obtain both the coercivity of the bilinear form a(·, ·) and the δ-quantification
of the minimal eigenvalue by utilizing a specialized choice of mollifiers as follows:

Corollary 3.3. For a(·, ·) given in (1.4), there exist δ0 = δ0(Ω) > 0 and

λ = λ(Ω, δ0) > 0 such that for all 0 < δ < δ0 and u ∈ VD:

λ ‖u‖2
L2(Ω)

≤ a(u, u). (3.4)

Proof. Choose the radial mollifiers satisfying the conditions (3.2) as follows:

ρδ(t) =
1

ωd

2− 2s

δ2−2s
t−d+2(1−s)χδ(t), with χδ(t) :=

{
1, t ∈ Bδ(0)
0, otherwise.

(3.5)

Then, (3.3) yields:

‖u‖2
L2(Ω)

≤ (
cPncr
kd

+ η)
2

ωd

{
1− s
δ2−2s

∫
Ω

∫
Ω∩|x−y|≤δ

|u(x)− u(y)|2

|x− y|d+2s
dydx

}
= λ−1a(u, u). (3.6)

We are in a position to establish the sharpness up to a constant of the quantifi-
cation given in (1.6) in 1D:

λmin = ch. (3.7)

Lemma 3.4. There exist positive constants c∗ and c∗ independent of δ, h, and s
such that

c∗h ≤ λmin ≤ c∗h.

Proof. Equation (3.6) implies that λmin is bounded from below by a constant c∗
independent of all three parameters:

c∗h ≤ λmin.

For the upper bound, let Ω = (0, 1) and choose

u(x) =

{
x, x ∈ Ω
0, x ∈ BΩ.

Clearly, u ∈ VD(Ω). We utilize linear finite element discretization of u with the
following basis functions:

φi(x) =


1
h (x− xi−1), x ∈ [xi−1, xi],
1
h (xi+1 − x), x ∈ [xi, xi+1],
0, otherwise,

(3.8)
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on a uniform mesh with mesh size h, i.e., with xi = ih, i = 1, . . . , N and h = 1/N ;
also see the mesh depicted in Figure 5.1. The discretization of u yields:

uh(x) =

N∑
i=1

ihφi(x).

Hence, the coordinates of uh satisfy
(
uh
)
i

= ih. Then, we obtain:

λmin ≤
a(uh, uh)

uhtuh
=

1

h2
∑N
i=1 i

2
=

1

h2N(N+1)(2N+1)
6

≤ 3h.

In fact, by using Toeplitz matrix tools, it can be shown that the above constant
c approaches π2 as N →∞; see (7.7).

Remark 3.5. One can generalize the minimal eigenvalue estimate to a more

general kernel family such as C(|x−y|)
|x−y|d+2s where C(|x − y|) is a nonnegative, locally

integrable function. Kernels similar to this family have also been studied; see [14,
Eqn. (4.10)].

The following choice of mollifiers allows such a generalization:

ρδ(t) =
1

ωd

2(1− s)
δ2−2s

t−d+2(1−s)γ(t/δ),

where γ(|x− y|) is nonnegative, locally integrable, and compactly supported.
When enforcing the probability measure condition for ρδ in (3.2), the scaling by

1/δ in the argument of γ, i.e., t/δ, eliminates δ2−2s. This yields the following (mo-
ment) condition which is independent of δ and allows the condition to hold for all
δ > 0, in particular for δ → 0.

2(1− s)
∫ ∞

0

γ(t)t1−2sdt = 1.

Then, the lower bound of the minimal eigenvalue similar to (3.6) follows immediately
by letting C(|x − y|) := γ(|x − y|/δ). This argument has also been used by the first
author to generalize minimal eigenvalue estimates for integrable kernel cases [2, Eqn.
(3.4)].

4. Maximal eigenvalue bounds using norm estimates. Our main goal
is to obtain δ-, h-, and s-quantifications of the maximal eigenvalue. In this pursuit, we
exploit two norm estimates: a(u, u) ≤ c‖u‖2H1 and a(u, u) ≤ c‖u‖2Hs . The constants
in those norm estimates will serve as quantification constants. For a(u, u) ≤ c‖u‖2H1 ,
we start the construction with the same regularity assumption of the local case, i.e.,

u ∈ H1(Ω). This is a more restrictive regularity assumption than what we have
utilized so far.

Proposition 4.1. Let Ω ⊂ Rd be of class C0,1 Lipschitz continuous, u ∈ H1(Ω),
and a(·, ·) be given as in (1.4). Then,

a(u, u) ≤ c‖u‖2
H1(Ω)

. (4.1)
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Proof. The proof is valid for general dimension d. For simplicity, we omit the
factors (2.2) and 1

2 in front of the bilinear form (1.4). Utilizing the regularity assump-
tion on Ω, one can extend u to a function ũ : Rd → R such that u ∈ H1(Rd) and
‖ũ‖H1(Rd) ≤ c‖u‖H1(Ω)

.∫
Ω

∫
Ω∩|x−y|≤δ

(u(y)− u(x))2

|y − x|d+2s
dydx

≤
∫

Ω

∫
|x−y|≤δ

(ũ(y)− ũ(x))2

|y − x|d+2s
dydx

=

∫
Ω

∫
|e|≤δ

1

|e|d+2(s−1)

(
ũ(x+ e)− ũ(x)

|e|

)2

dedx

≤
∫

Ω

∫
|e|≤δ

1

|e|d+2(s−1)

(∫ 1

0

|∇ũ(x+ te)|dt
)2

dedx

≤
∫ 1

0

∫
|e|≤δ

1

|e|d+2(s−1)

(∫
Rd
|∇ũ(x+ te)|2dx

)
dedt

= ||∇ũ||2L2(Rd)

∫
|e|≤δ

1

|e|d+2(s−1)
de

= ||∇ũ||2L2(Rd)ωd
δ2−2s

2− 2s

≤ cδ2−2s||u||2
H1(Ω)

.

The result follows after incorporating the scaling in (2.2).

Let . denote the following relation: P . Q if and only if there exists a positive
constant c such that P ≤ cQ. Let u denote the l2-coordinates of u with respect to the
linear finite element discretization. Then the well-conditioning property of the mass
matrix leads to the following well-known norm equivalence:

hd‖u‖2l2 . ‖u‖2L2 . hd‖u‖2l2 . (4.2)

By the help of . notation, we can also suppress the involved constants in the inverse
inequality:

‖u‖2
Hs(Ω)

. h−2s‖u‖2
L2(Ω)

, s ∈ [0, 1].

Remark 4.2. Let V hD(Ω) be the finite element space corresponding to VD(Ω).
After using the inverse inequality, (4.1) implies that

a(u, u) . h−2‖u‖2
L2(Ω)

, u ∈ V hD(Ω). (4.3)

Combining (3.6) with (4.3), we arrive at the nonlocal spectral equivalence:

1 .
a(u, u)

‖u‖2
L2(Ω)

. h−2. (4.4)

It is interesting to note that (4.4) is similar to the spectral equivalence in the local
case:

1 .
`(u, u)

‖u‖2L2(Ω)

. h−2.
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In Proposition 4.1, enforcing the same regularity assumption of the local case, i.e.,

u ∈ H1(Ω), creates a resemblance to the local case totally obscuring δ-quantification.
(4.3) is undesirable, but serves as a “default” upper bound.

By simply relaxing the restriction Ω ∩ |x − y| ≤ δ in the inner integral of (1.4),
we can obtain an improved upper bound:

a(u, u) ≤ 1− s
δ2−2s

|u|2
Hs(Ω)

. (4.5)

We can use the inverse inequality after restricting u to V hD(Ω). Then in 1D, (4.5) and
(4.2) with d = 1 yield:

a(u, u) ≤ 1− s
δ2−2s

‖u‖2
Hs(Ω)

. h−2sδ−(2−2s)‖u‖2
L2(Ω)

. h1−2sδ−(2−2s)‖u‖2l2 . (4.6)

The ratio of the horizon and the mesh size plays a crucial role in our analysis.
Hence, we define:

R =
δ

h
. (4.7)

Then, (4.6) yields:

λmax . h1−2sδ−(2−2s) =
1

R2−2s
h−1. (4.8)

On the other hand, (4.1) yields:

λmax . h−1 (4.9)

Suppressing the dependencies in the involved constants, (4.8) becomes a better bound
than (4.9). Furthermore, note that (4.9) can be obtained from (4.8) by assuming

u ∈ H1(Ω) and taking the limit of (4.8) as s → 1. But, neither (4.8) nor (4.9) is
sharp; see the discussion at the end of Section 6.

5. Discretization and stiffness matrix entries. The weak form is ob-
tained in the usual way; by testing the strong form of the operator (1.2). More
precisely,

a(u, v) = (Lu, v) = −2− 2s

δ2−2s

∫
Ω

∫
Ω∩|x−y|≤δ

u(y)− u(x)

|x− y|d+2s
v(x)dydx. (5.1)

The two bilinear forms (1.4) and (5.1) are equivalent; see [3, Eqn. (3.4)]. However,
we use (5.1) in the stiffness matrix construction because it offers the following con-

venient property. When u ∈ VD(Ω), the outer integration limit reduces from Ω to

Ω. Furthermore, the inner integration limit {y : Ω ∩ |x − y| ≤ δ} simply becomes
{y : |x− y| ≤ δ}.

We present the stiffness matrix construction based on linear finite element dis-
cretization for the domain Ω = (0, 1). The corresponding nonlocal closure of Ω be-

comes Ω = [−δ, 1 + δ]. Define the interval of influence of a node xi as

Ixi := [xi−1 − δ, xi+1 + δ] ∩ Ω. (5.2)
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 −δ︷ ︸︸ ︷
x−R . . .

0︷︸︸︷
x0

︸ ︷︷ ︸
boundary nodes

x1 x2 . . . xR︸ ︷︷ ︸
interface nodes

xR+1 . . . xN−R︸ ︷︷ ︸
internal nodes

xN−R+1 . . . xN︸ ︷︷ ︸
interface nodes

1︷ ︸︸ ︷
xN+1 . . .

1+δ︷ ︸︸ ︷
xN+R+1


︸ ︷︷ ︸

boundary nodes

Fig. 5.1. The nonlocal finite element mesh where the node locations are denoted by xi, i =

−R, . . . , N +R+ 1, where Ω = [−δ, 1 + δ].

Due to radial property, hence, translation invariance, of the kernel function in
(1.2), we establish the following important property of the stiffness matrix.

Lemma 5.1. The stiffness matrix is a Toeplitz matrix. Namely, Ai,j = Ai+1,j+1.
Proof. We use the equivalent bilinear form given in (5.1). We assume a uniform

mesh with mesh size h. Then, substituting x̄ = x + h, ȳ = y + h and denoting the
support of φi(x) by [xi−1, xi+1], we get:

Ai,j = a(φi, φj) = −2− 2s

δ2−2s

∫ xi+1

xi−1

∫ x+δ

x−δ

[φj(y)− φj(x)]φi(x)

|x− y|1+2s
dydx (5.3)

= −2− 2s

δ2−2s

∫ xi+1+h

xi−1+h

∫ x̄+δ

x̄−δ

[φj(ȳ − h)− φj(x̄− h)]φi(x̄− h)

|x̄− h− (ȳ − h)|1+2s
dȳdx̄

= −2− 2s

δ2−2s

∫ xi+2

xi

∫ x̄+δ

x̄−δ

[φj+1(ȳ)− φj+1(x̄)]φi+1(x̄)

|x̄− ȳ|1+2s
dȳdx̄

= Ai+1,j+1.

We study the nonzero structure of the stiffness matrix. Due to the symmetry of
the bilinear form and the Toeplitz property of the stiffness matrix, we concentrate
only on the first row.

Lemma 5.2. Let R be the ratio in (4.7). The number of nonzero entries in the
first row of the stiffness matrix is R+ 2.

Proof. The nonzero entries arise due to the interaction of basis functions. For
this reason, we concentrate on the numerator of the integrand in (5.3). Since we
compute the first row, i.e., i = 1, the two terms we concentrate are φj(x)φ1(x) and
φj(y)φ1(x). The first term φ1(x)φj(x) 6= 0 for j = 1, 2. The other term φ1(x)φj(y) has
a 2D support. Namely, φ1(x)φj(y) 6= 0 on (x, y) ∈ [x0, x2] × [xj−1, xj+1]. The inner
integration limit y ∈ [x−δ, x+δ] enforces an additional constraint. Furthermore, basis
functions φj(y), j = 1, . . . , N have support y ∈ [0, 1] for Ω = (0, 1); see Figure 5.1.
So, the limits of integration for y becomes [0, x + δ]. Hence, the support φ1(x)φj(y)
reduces to the following:

(x, y) ∈ [x0, x2]× [xj−1, xj+1] ∩ [x0, x2]× {y : 0 ≤ y ≤ x+ δ}. (5.4)

The indices satisfying (5.4) are exactly j = 1, . . . , R,R + 1, R + 2. The union of
the indices obtained from the first term, i.e., j = 1, 2 and that second term leads to
j = 1, . . . , R,R+ 1, R+ 2. Consequently, we end up with R+ 2 nonzero entries in the
first row.



Conditioning of nonlocal operators 11

The construction of the stiffness matrix is based on the types of nodes. The nodes
are classified into three groups: boundary, interface, and internal; see Figure 5.1:

internal: {xi ∈ Ω : Ixi ⊂ Ω},

interface: {xi ∈ Ω : Ixi ⊂ Ω and Ixi 6⊂ Ω},

boundary: {xi ∈ Ω \ Ω}.

• • • 0 0 0 0 0 0 . . . 0 0 0 0 0

• • • • 0 0 0 0 0 . . . 0 0 0 0 0

• • ∗ ∗ ∗ 0 0 0 0 . . . 0 0 0 0 0

0 • ∗ ∗ ∗ ∗ 0 0 0 . . . 0 0 0 0 0

0 0 ∗ ∗ ∗ ∗ ∗ 0 0 . . . 0 0 0 0 0

0 0 0 ∗ ∗ ∗ ∗ ∗ 0 . . . 0 0 0 0 0

0 0 0 0 ∗ ∗ ∗ ∗ ∗ . . . 0 0 0 0 0

...
...

...
...

. . .
. . .

. . .
. . .

. . .
...

...
...

...

0 0 0 0 0 . . . ∗ ∗ ∗ ∗ ∗ 0 0 0 0

0 0 0 0 0 . . . 0 ∗ ∗ ∗ ∗ ∗ 0 0 0

0 0 0 0 0 . . . 0 0 ∗ ∗ ∗ ∗ ∗ 0 0

0 0 0 0 0 . . . 0 0 0 ∗ ∗ ∗ ∗ • 0

0 0 0 0 0 . . . 0 0 0 0 ∗ ∗ ∗ • •
0 0 0 0 0 . . . 0 0 0 0 0 • • • •
0 0 0 0 0 . . . 0 0 0 0 0 0 • • •




Neu

N

N

Dir

R+1

R+1

R+1

R+1

Fig. 5.2. The sparsity structure of the Dirichlet and Neumann stiffness matrices. The rows
and columns in the blue boxes (i.e., boundary nodes) of the Neumann matrix are deleted to obtain
the Dirichlet matrix enclosed by the red box.

We explain the construction of the (Dirichlet) stiffness matrix. The sparsity
structure of the Neumann matrix and the corresponding Dirichlet matrix is given
below. The Neumann matrix includes all three types of nodes, whereas the Dirichlet
matrix is extracted from the Neumann one by deleting the boundary nodes as in the
local case. Due to the nonlocal boundary condition, the Neumann matrix of size
N + 2R+ 2 shrinks to Dirichlet matrix of size N after deletion; see Figure 5.2.

Observe that the interval of influence of the boundary nodes is nested. Namely,
Ixk−1

⊂ Ixk , k = −R + 1, . . . , 0. As a result, the diagonal entry values of each row
increase, i.e., Ak−1,k−1 < Ak,k, k = −R + 1, . . . , 0. This causes the Neumann matrix
to lose the Toeplitz property in the rows corresponding to boundary nodes.

We now explain how the entries can be calculated by utilizing the following split-
ting for the interior nodes, the others easily follow. For simplicity, we omit the factors
(2.2) in front of the bilinear form (5.1):
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(a) piecewise linear for s ∈ (0, 1)

A1,1 δ−1
(

4(21−2s−1)

s(1−2s)(3−2s)R1−2s − 4(1−s)
3sR

)
≥ 0

A1,2 δ−1
(

(7−4×23−2s+33−2s)

2s(1−2s)(3−2s)R1−2s − 1−s
3sR

)
≤ 0

A1,j+1 δ−1 (j−2)3−2s−4(j−1)3−2s+6j3−2s−4(j+1)3−2s+(j+2)3−2s

2s(1−2s)(3−2s)R1−2s , 2 ≤ j ≤ R− 2 ≤ 0

A1,R δ−1

(
(R−3)3−2s−4(R−2)3−2s+6(R−1)3−2s− 3(R−1)

R
R3−2s−2sR2−2s

2s(1−2s)(3−2s)R1−2s

+ (3R+1)(1−s)
6sR

+ 1−s
1−2s

)
≤ 0

A1,R+1 δ−1

((
(R−2)3−2s−4(R−1)3−2s+

3(R−2)
R

R3−2s+4sR2−2s
)

2s(1−2s)(3−2s)R1−2s + 1−s
3sR

)
≤ 0

A1,R+2 δ−1

(
(R−1)3−2s− (R−3)

R
R3−2s−2sR2−2s

2s(1−2s)(3−2s)R1−2s − (3R−1)(1−s)
6sR

− 1−s
1−2s

)
≤ 0

(b) piecewise constant for s ∈ (0, 1
2

)

A1,1 δ−1
(

2(1−s)
s(1−2s)R1−2s − 2(1−s)

sR

)
≥ 0

A1,j+1 δ−1 ((j−1)1−2s−2j1−2s+(j+1)1−2s)(1−s)
s(1−2s)R1−2s , 1 ≤ j ≤ R− 1 ≤ 0

A1,R+1 δ−1

(
((R−1)1−2s−R1−2s)(1−s)

s(1−2s)R1−2s + 1−s
sR

)
≤ 0

Table 5.1
Stiffness matrix entries constructed by the corresponding finite element discretization for the

singular kernel. Diagonal entries are positive and off-diagonal ones are negative.

−
∫ xi+1

xi−1

∫ x+δ

x−δ

[φj(y)− φj(x)]φi(x)

|x− y|1+2s
dydx =

−
∫ xi

xi−1

∫ xj−1

x−δ

[−φj(x)]φi(x)

|x− y|1+2s
dydx−

∫ xi+1

xi

∫ xj−1

x−δ

[−φj(x)]φi(x)

|x− y|1+2s
dydx

−
∫ xi

xi−1

∫ xj

xj−1

[φj(y)− φj(x)]φi(x)

|x− y|1+2s
dydx−

∫ xi+1

xi

∫ xj

xj−1

[φj(y)− φj(x)]φi(x)

|x− y|1+2s
dydx (5.5)

−
∫ xi

xi−1

∫ xj+1

xj

[φj(y)− φj(x)]φi(x)

|x− y|1+2s
dydx−

∫ xi+1

xi

∫ xj+1

xj

[φj(y)− φj(x)]φi(x)

|x− y|1+2s
dydx

−
∫ xi

xi−1

∫ x+δ

xj+1

[−φj(x)]φi(x)

|x− y|1+2s
dydx−

∫ xi+1

xi

∫ x+δ

xj+1

[−φj(x)]φi(x)

|x− y|1+2s
dydx, j = i+ 2, . . . , i+R− 2.

We utilize two types of discretizations: linear and constant finite elements. The
linear finite element basis functions are given in (3.8). The constant finite element
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ones with a uniform mesh size h are as follows:

φi(x) =

{
1, x ∈ [xi − h/2, xi + h/2],
0, otherwise,

The value of the stiffness matrix entries obtained are listed in Table 5.1.
Remark 5.3. Symbolic computation in Mathematica was used to obtain the ma-

trix entries. There are eight integrals involved in the computation; see (5.5). Hence,
coming up with a manageable formula for each entry is a nontrivial task. The intro-
duction of R has significantly reduced the complexity of the algebra in Table 5.1.

The matrix entry formulas in Tables 5.1 are valid for s ∈ (0, 1/2) ∪ (1/2, 1). The
entries for the value of s = 1/2 are given by the limit.

5.1. Zero row sum property. The zero row sum property is an implication
of the Neumann boundary condition as in the local case. The fact that

a(c, c) = 0, (5.6)

for any nonzero constant function c in Ω is an analog of

`(c, c) = 0,

where, this time, the nonzero constant function c has domain Ω.
We immediately see that all rows of the Neumann matrix have zero sum due to

property (5.6). This zero row sum property carries over to the rows of the Dirichlet
matrix corresponding only to the internal nodes. The Dirichlet matrix is obtained
by deleting the rows and columns corresponding to boundary nodes; see Figure 5.2.
Since these nodes couple only with interface nodes, this deletion spoils the zero row
sum property only for the rows corresponding to interface nodes, thereby, leaving the
rows corresponding to the internal nodes unchanged.

5.2. Off-diagonal entries are negative. Establishing negativeness of the
off-diagonal entries is involved and requires some algebra. We provide a relatively
easy to follow case and prove the negativeness of A1,j+1 where

A1,j+1 = δ−1 (j − 2)3−2s − 4(j − 1)3−2s + 6j3−2s − 4(j + 1)3−2s + (j + 2)3−2s

2s(1− 2s)(3− 2s)R1−2s
.

First, we decompose A1,j+1: A1,j+1 = p(s)h(j) where p(s) := δ−1

2s(1−2s)(3−2s)R1−2s and

h(j) is a composition of three functions in the following way: f(x) := x3−2s, g(x) :=
f(x− 1)− 2f(x) + f(x+ 1), h(x) := g(x− 1)− 2g(x) + g(x+ 1) with 2 ≤ x ≤ R− 2.

We have to consider s ∈ (0, 1/2) and s ∈ (1/2, 1) separately.
• s ∈ (0, 1/2): Since p(s) ≥ 0, it remains to show that h(x) < 0.

Note that f(x) = x3−2s > 0, f ′(x) > 0, f ′′(x) > 0, i.e., concave up and
increasing. Then, g(x) := {f(x− 1)− f(x)} − {f(x)− f(x+ 1)} > 0. Using
the exact expression of g(x), we arrive at the following:

g′(x) = (3− 2s)[{(x− 1)2−2s − x2−2s} − {x2−2s − (x+ 1)2−2s}] > 0,

g′′(x) = (3− 2s)(2− 2s)[{(x− 1)1−2s − x1−2s} − {x1−2s − (x+ 1)1−2s}] < 0.

Hence, g(x) is concave down and increasing, which results in
h(x) := {g(x− 1)− g(x)} − {g(x)− g(x+ 1)} < 0.
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• s ∈ (1/2, 1): Since p(s) < 0, it remains to show that h(x) > 0. In this case,
f(x) > 0 is concave up and increasing, whereas g(x) > 0 is concave up and
decreasing. Thus, the result follows.

The rest of the off-diagonal entries can be proved to be negative by using similar
algebraic techniques.

Remark 5.4. The coercivity of the bilinear form implies that the eigenvalues of
A are positive. This property with the negativity of the off-diagonal entries implies
that A is an M -matrix.

5.3. Piecewise constant discretization. Sobolev embedding theorems

[13] indicate that jump discontinuities belong to fractional Sobolev spaces Hs(Ω) with
s ∈ [0, 1/2] in 1D. Hence, we study the piecewise constant finite element discretization
as it naturally falls into the same fractional Sobolev space due to its inherent jump
discontinuity. This discretization is relatively simple, but it captures the same δ-, h-,
and s-quantifications of λmax as the piecewise linear case; see A1,1 entry in Table 5.1.
Furthermore, it preserves the M -matrix property.

6. The comparison of the Gerschgorin bound and its sharpness.
Denote the index for interior nodes by i∗. We have established that the rows cor-
responding to interior nodes have zero sum. Using this fact and the negativity of
off-diagonal entries, we arrive at the following:

Ai∗,i∗ = −
∑
j 6=i∗

Ai∗,j

=
∑
j 6=i∗

|Ai∗,j |. (6.1)

Observe that the set of nonzeros corresponding to an interior row is a superset cor-
responding to that of interface nodes. In fact, the interior rows contain the largest
number of nonzeros. Hence, ∑

j 6=i

|Ai,j | ≤
∑
j 6=i∗

|Ai∗,j | (6.2)

The Gerschgorin circle theorem indicates the following:

|λ−Ai,i| ≤
∑
j 6=i

|Ai,j |,

where λ is an eigenvalue of A. Then, using (6.2), Ai∗,i∗ = Ai,i, and (6.1), we get:

|λ| ≤ Ai,i +
∑
j 6=i

|Ai,j |

≤ Ai∗,i∗ +
∑
j 6=i∗

|Ai∗,j | = 2Ai,i. (6.3)

Consequently, we have obtained an upper bound for the maximal eigenvalue.
Remark 6.1. In the local case, the off-diagonal entries are similarly negative.

By the same argument above, the maximal eigenvalue can be bounded by twice the
diagonal entry:

λlocalmax ≤ c2h−1.
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The inverse inequality which is known to be sharp gives exactly the same h-quantification
for the upper bound of the maximal eigenvalue. We will prove that the same Ger-
schgorin idea applied to the nonlocal case gives sharp δ-, h-, and s-quantifications of
the maximal eigenvalue.

In the rest of the article, we will refer the Gerschgorin bound as G-bound. Note
that dropping the negative term, the G-bound recovers (4.8):

λmax ≤ 2δ−1

(
4(21−2s − 1)

s(1− 2s)(3− 2s)R1−2s
− 4(1− s)

3sR

)
(6.4)

≤ c+(s)

R2−2s
h−1.

Mainly, we aim to obtain δ- and h- quantification of the maximal eigenvalue. It is
natural to obtain such quantification up to a constant. Since (4.8) lacks the negative

term − 4(1−s)
3sR , the G-bound is tighter. Next, we prove that it is sharp up to a constant

which does not depend on s.
Lemma 6.2.

A1,1 ≤ λmax ≤ 2A1,1 (6.5)

Proof. The Gerschgorin circle theorem implies that (see (6.3))

λmax ≤ 2A1,1.

On the other hand, choose u to be the basis function corresponding to the first node
x1. Namely, u = e1 where e1 is the first standard basis vector of dimension N × 1:

A1,1 =
utAu

utu

≤ λmax.

Remark 6.3. The constant in the G-bound of λmax can be improved by paying
attention to the cos(kt) terms in (7.2) [29]:

A1,1 + 2

R+2∑
j=2

|A1,j | cos
π

bN−1
j−1 c+ 2

≤ 2A1,1 = G-bound.

However, it would be quite cumbersome to extract a natural δ-, h-, and s-quantification
of λmax like the one G-bound provides when both off-diagonal terms and cos(kt) are
involved. Due to this reason, we do not further pursue this estimate.

Combining (3.7) with (4.9) and (4.8), we obtain the following condition number
bounds, respectively.

κ(A) ≤ ch−2, (6.6)

κ(A) ≤ ch−2sδ−(2−2s). (6.7)

Using 1D Fourier analysis and directly using the eigenvalues of the nonlocal operator
given in (2.4), a similar condition number bound capturing the cases above was first
reported in [55, p. 1772] (also see [14, Eqn. (6.4)]):

κ(A) ≤ cmin{h−2sδ−(2−2s), h−2}. (6.8)
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Note that we obtain the estimates (6.6) and (6.7) from a different approach that allows
generality in the sense that they are valid for d-dimensions.

The ability to increase mesh resolution freely is a desirable simulation property.
Hence, the following setting is an important nonlocal regime:

h� δ < 1. (6.9)

When (6.9) holds, (6.8) defaults to (6.7). However, using (3.7) and (6.4), the condition
number bound for 1D we obtained by the Gerschgorin estimate is sharp:

κ(A) ≤ c+(s)h−2sδ−(2−2s) − c−(s) δ−2, (6.10)

where c+(s) := c 8(21−2s−1)
s(1−2s)(3−2s) and c−(s) := c 8(1−s)

3s .

Remark 6.4. Note that (6.10) enjoys a superior feature which allows analysis
of the behaviour of the bound with respect to the regularity parameter s. On the other
hand, it would be difficult to reveal the s-quantification in the estimates (6.6) and
(6.7) as they both depend on the inverse inequality.

We also support the sharpness of the G-bound with numerical data; see Figure
6.1. λmax (and λmin) values are computed in Matlab throughout the paper.
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Fig. 6.1. Comparison of λmax and G-bound. Apparently G-bound is sharp up to a constant
independent of s. h = 1/212 and δ = 1/28 are the fixed values.
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7. An algebraic approach to the estimation of the minimal eigen-
value. In Lemma 5.2, we established that the stiffness matrix A is a banded Toeplitz
matrix with full bandwidth 2R + 3. Here, we study the extremal eigenvalues of A in
the context of banded Toeplitz matrices. See the excellent book on banded Toeplitz
matrices [8]. A Toeplitz matrix of order N is associated with its symbol b(t) (also
called as the generating Laurent polynomial). A = TN (b) is constructed by its symbol:

b(t) =

R+1∑
k=−(R+1)

Akt
k,

where t is on the unit circle and the polynomial coefficients are obtained by a Fourier
transform as follows:

Ak =
1

2π

∫ π

−π
b(eit)e−iktdt.

The coefficients determine the matrix entries in the following way:

Ai,j := Aj−i, i, j = 1, . . . , N.

Due to the bandedness of A, we have A1,j = 0, j ≥ R+ 3. The symmetry of A yields:

Ak = A−k. (7.1)

Define g(t) := b(eit), t ∈ (−π, π). Using (7.1), we obtain:

g(t) = A1,1 + 2

R+1∑
k=1

A1,(k+1) cos(tk). (7.2)

Note that g(0) is exactly the sum of a row corresponding to an interior node, hence,
is zero as discussed in Section 5.1. In addition, g′(0) = 0. By using the fact that the
off-diagonal entries are negative and the zero row sum property, we conclude that g(t)
is nonnegative. In addition, it has a unique root of order 2 at t = 0. Consequently,
we obtain the following:

g(t) = t2(
g′′(0)

2
+O(t))

=: t2z(t). (7.3)

The following characterization of the minimal eigenvalue was given in [31]:

λmin(TN (b)) ∼ π2

N2
z(0), (7.4)

where pN ∼ qN means that pN/qN → 1 as N → ∞. See the discussion about the
factor π2 in [9, Eqn. (2) and (3)].

Using (7.3), we immediately see that z(0) = g′′(0)
2 . Therefore, it is imperative to

obtain an explicit expression of g′′(0) using Table 5.1 for which the following formula
holds:

g′′(t) = −2

R+1∑
k=1

k2A1,(k+1) cos(tk). (7.5)
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Fig. 7.1. Comparison of λmin and the bound obtained by using the second derivative in (7.7),
which we denote by 2Deriv-bound. Apparently 2Deriv-bound, which is π2h, is sharp. h = 1/212 and
δ = 1/28 are the fixed values.

After some algebraic manipulation, we arrive at the remarkably simple result:

g′′(0) = 2h−1, (7.6)

for linear finite elements. Combining (7.4) and (7.6), and letting h = 1/N , we obtain:

λmin(TN (b)) ∼ π2h. (7.7)

(7.7) is in total agreement with the computed data of λmin in Figure 7.1. Hence, (7.7)
is numerically sharp. We further conclude that the constant c in (1.6) asymptotically
behaves like π2.

One may examine if a similar approach based on Toeplitz matrix properties used
to determine the constant involved in λmin quantification can be used for λmax. We
motivate this avenue of study because there is an interesting relation of extremal
eigenvalues of Toeplitz matrices. When one of them is available, the other can be
potentially obtained using the following property [8]:

λmax(TN (b)) = b∗ − λmin(TN (b∗ − b)),

where b∗ := maxt∈(−π,π) b(t).
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Let tmax be the point at which b∗ is attained, i.e., b∗ = b(tmax). Define b̂(t) =

b∗ − b(t) and ĝ(t) := b̂(eit). One can see that b̂(t) has a root of order 2 at t = tmax

because t = tmax being a critical point implies ĝ′(tmax) = −g′(tmax) = 0.
Similar to (7.3), a perturbation expansion yields:

ĝ(t) = (t− tmax)2

(
ĝ′′(tmax)

2
+O((t− tmax))

)
=: (t− tmax)2ẑ(t).

Utilizing (7.4) for TN (b̂), we arrive at:

λmax(TN (b))− b∗ ∼ 1

2
g′′(tmax)π2h2. (7.8)

But the formula (7.8) requires that the following issues are addressed:
• One has to guarantee that the extremal value is attained at exactly one point
tmax ∈ [0, π).

• One has to identify tmax, hence, b∗.
Note that in the case of several extremal values, lower and upper asymptotic bounds
for λmax(TN (b))− b∗ can be obtained from [8, Thm. 10.1].

The utilization of the symbol for identifying λmin works conveniently because
g′′(0) has no cos(tk) term which makes δ-, h-, and s-quantification in λmin tractable.
However, for λmax, g′′(tmax) with tmax 6= 0 will involve the cos(tk) in (7.5). Even if
the two issues above are addressed, (7.5) may potentially lead to intractable quantifi-
cations.

(a) piecewise linear

A1,1 δ−1 4R−3
R2 ≥ 0

A1,2 δ−1 R−3
R2 , R ≥ 3 ≥ 0

A1,j+1 −δ−1 3
R2 , 2 ≤ j ≤ R− 2 ≤ 0

A1,R −δ−1 23
8R2 ≤ 0

A1,R+1 −δ−1 3
2R2 ≤ 0

A1,R+2 −δ−1 1
8R2 ≤ 0

(b) piecewise constant

A1,1 3δ−1 2R−1
R2 ≥ 0

A1,2 −3δ−1 1
R2 , 1 ≤ j ≤ R− 1 ≤ 0

A1,R+1 −3δ−1 1
2R2 ≤ 0

Table 8.1
Stiffness matrix entries constructed by the corresponding finite element discretization for inte-

grable kernel.

8. Integrable kernel. In this section, we analyze a closely related bilinear
form b(u, u) corresponding to the integrable kernel. The scaling factor in (2.2) implies:

c−1
δ :=

1

ωd

∫
Bδ(0)

|x|2dx =
δd+2

d+ 2
.

Then in 1D, b(u, u) takes the following form:

b(u, u) =
3

2δ3

∫
Ω

∫
|x−y|≤δ

(u(x)− u(y))2dydx.
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Fig. 8.1. Comparison of λmax and G-bound for integrable kernel.

The first author had established the following spectral equivalence in [2, 3]:

λ ≤ b(u, u)

‖u‖2
L2(Ω)

≤ λ+
δ−2,

which translates into the following eigenvalue estimate:

chd ≤ λ ≤ c+hdδ−2, (8.1)

where positive constants c and c+ are independent of h and δ. (8.1) is important in the
sense that it implies that the condition number can be bounded independently from h.
However, it turns out that (8.1) suppresses the exact h- and δ-quantifications. We can
overcome this complication by resorting again to the Gerschgorin circle theorem and
the same analysis based on matrix entries as we did for the singular kernel case. There
is an interesting difference in the sign of the A1,2 entry for the case of linear finite
elements. Namely, when R ≥ 3, A1,2 becomes positive as opposed to the singular
kernel case. Thus, utilizing the zero row sum property, the Gerschgorin bound takes
the form:

λ ≤ 2(A1,1 +A1,2). (8.2)
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From Table 8.1, we see that the δ- and h-quantifications of A1,1 and A1,2 are exactly
the same:

A1,1 +A1,2 = δ−1 5R− 6

R2

= 5hδ−2 − 6h2δ−3. (8.3)

Combining (8.2) and (8.3), we eventually obtain:

λmax = c(5hδ−2 − 6h2δ−3). (8.4)

Furthermore, (8.2) is numerically sharp as demonstrated in Figure 8.1. We can also
establish the sharpness (up to a constant) of h- and δ-quantifications in (8.4) by using
a similar Rayleigh quotient argument as in the proof of (6.5) by simply choosing
u = e1 + e2 as in the proof of Lemma 6.2.

Note that (8.2) and (8.3) lead to the same upper bound we obtain from (8.1), if
we drop the negative term −6h2δ−3:

λmax ≤ c+hδ−2.

Consequently, (8.4) completely reveals the exact h- and δ-quantifications. Combining
(8.4) and (3.7), we find that the sharp condition number bound is as follows:

κ(A) ≤ c(5δ−2 − 6hδ−3). (8.5)

Reflecting on what is available in the literature, we compare (8.5) with the bound
given in [55, p. 1772]:

κ(A) ≤ cmin{δ−2, h−2}. (8.6)

In the important nonlocal regime (6.9), (8.6) defaults to our estimate (8.1) obtained
by dropping the negative term in (8.4).

Furthermore, in the regime of (6.9), we see that the 5δ−2 term is dominant
over 6hδ−3. Hence, the condition number behaves like δ−2 and the power of h in
the non-dominant term is only 1, (neither −2 nor −3), implying that the growth
of the condition number with respect to h is less pronounced. Hence, the condition
number weakly depends on h. This is in agreement with our 1D numerical experiments
previously reported in [3, Table 4.1 and Fig. 4.1.a]. Also see the similar result for 2D
numerical experiments [3, Table 4.2 and Fig. 4.2.a].

The same δ- and h-quantification (up to a constant) of λmax in (8.3) obtained
using piecewise linear discretization holds for the piecewise constant case; see A1,1

entry in Table 8.1 and note that this time A1,2 entry is negative.

9. Conclusion. The main goal of this article was to construct sharp quan-
tifications of λmin and λmax in all three parameters δ, h, and s in 1D. We accomplished
sharpness both rigorously and numerically. We identified the behaviour of the con-
dition number as follows: It gets larger as δ → 0 (as the operator approaches to its
corresponding local analog) and it becomes largest as s→ 1 (when the singularity is
at its worst); see Figure 9.1(a). The condition number with respect to h is moderate
for almost all values of h. However, as s→ 1 and h→ 0 the condition number blows
up; see Figure 9.1(b).

We studied the scaled operator (1.2) because it provided direct analogy to the local
operator. The scaling (2.2) prevented degeneracy of (1.2) as δ → 0. Furthermore,
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Fig. 9.1. Condition number for singular kernel with piecewise linear finite element discretization.

the scaling conveniently caused λmin to depend only on h. Hence, the δ- and s-
quantifications of the condition number reduced to that of λmax.

We established the quantification of λmin by nonlocal characterization of Sobolev
spaces. The quantification of λmax, on the other hand, was established by connect-
ing the bilinear form to H1 and Hs by using norm estimates; see (4.1) and (4.5),
respectively. (4.1) and (4.5) revealed both δ and s dependence. Subsequently, the
explicit bound of λmax was obtained using inverse estimates. The utilized functional
analysis tools are strong in the sense that the results are valid for any dimension.
However, they are weak in the sense that they obscure dependence on parameters.
The inverse estimate constant depends on the order of finite element, shape regularity
of mesh, and s. The parameter s plays a crucial role in our analysis. Identifying the
s-quantification was important especially for limiting s values, s→ 0 and s→ 1, and
we observed blowup in the estimates occur near s = 1.

Revealing δ-, h-, and s-quantifications require analysis which is more sensitive.
Working directly with the matrix entries was necessary for such a task. By resorting to
explicit linear algebra, we assembled the stiffness matrix by systematically identifying
its entries through a nontrivial computation which involved 8 iterated integrals; see
(5.5). Introducing a new parameter, the ratio R = δ

h , dramatically simplified the
involved algebra. It was also remarkable that the second derivative of the symbol g(t)
in (7.2) evaluated at 0 turned out to be 2h−1; see (7.6).

We employed two different algebraic approaches for λmax and λmin. The negativity
of off-diagonal entries with zero row sum property provided significant advantage for
establishing an upper bound of λmax through the use of the Gerschgorin circle theorem.
Amazingly, the Gerschgorin-bound captured sharp quantifications with respect to all
three parameters up to a constant; see (6.5). The Gerschgorin technique heavily
depends on identifying the matrix entries. Therefore, it might be difficult to obtain the
matrix entries especially in 3D because each of them involves 6 dimensional integrals
and this is a major limitation of the matrix entry approach. On the other hand, for
λmin, we exploited the Toeplitz property of the stiffness matrix. There is substantial
literature on the extremal eigenvalues of banded Toeplitz matrices. Using related
results, we verified the result obtained by nonlocal characterization of Sobolev spaces,
λmin = ch, and were even able to exactly identify the involved constant, c scaled like
π2 as h→ 0.
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The first author had studied the integrable kernel case [2, 3]. Using the above al-
gebraic techniques, we improved (8.1) and fully revealed the missing h-quantification.
As a side result, we established that these techniques also give exactly the same sharp
quantifications for a simpler discretization such as piecewise constant finite elements.

Consequently, the results obtained through algebraic techniques hold only for 1D.
For higher dimensions, we plan to investigate further algebraic techniques utilizing
the matrix structure for future research. There is substantial numerical evidence from
the first author’s article [3] indicating that the 2D results for the integrable kernel
case are in agreement with the 1D results. Hence, our 1D results can potentially be
generalized to higher dimensions.
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