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Abstract

We consider the diffusion equation in the setting of oper#teory. In
particular, we study the characterization of the limit of tiffusion opera-
tor for diffusivities approaching zero on a subdomginof the domain of
integration ofQ2. We generalize Lions’ results to covering the case of dif-
fusivities which are piecewis€’ up to the boundary of2; and(,, where
Qy = Q\ﬁl instead of piecewise constant coefficients. In addition, we
extend both Lions’ and our previous results by providinggtreng conver-
gence of(Af1 for a monotonically decreasing sequence of diffusivi-
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1 Introduction

The diffusion equation
ou

i div (pgradu) + f (2.0.1)
describes general diffusion processes, including thegmafion of heat, and flows
through porous media. Hereis the density of the diffusing materigh, is the
diffusivity of the material, and the functiofidescribes the distribution of ‘sources’
and ‘sinks’. The usage qf := 1/p provides a convenient framework to study
asymptotic cases where diffusivity approaches zero on an spbset of non-zero
measure. Therefore, our definitions will be basedponThis paper focuses on

stationary solutions ofl(0.1) satisfying
—div((1/p) gradu) = f . (2.0.2)

For instance, the fictitious domain method and compositenads are sources of
rough coefficients; see the references@h [Important current applications deal
with composite materials whose components have nearlytaangiffusivity, but
vary by several orders of magnitude. In composite matepplieations, it is quite
common to idealize the diffusivity by a piecewise constamiction and also to
consider limits where the values of that function approaato or infinity in parts
of the material.

For the treatment of these questions, we use methods fronatopeheory. For
this, we use a common approach to gited(1) a well-defined meaning that, in a
first step, represents the diffusion operator

—div (1/p) grad (1.0.3)

as a densely-defined positive self-adjoint linear operatoin L% (2). As a result,
(1.0.2 is represented by the equation

Agu=f (1.0.4)

where f is an element of the Hilbert space, amds from the domainD(A;), of
Ap.

In our previous paperl], we treat diffusivities from the clas§ consisting of



p € L*(Q) that are defined almost everywheres on () for somee > 0, where

Q < R™, n € N* is some non-empty open subset. By use of Dirichlet boundary
conditions,p € L induces a densely-defined, linear, self-adjoint, strigihsi-

tive operator4; in L%(Q2). By assuming a weak notion of convergenceCinwe
showed that the magsand7 defined by

S(p) = A;', (1.0.5)
T(p) = —(1/p) VA4,"', (1.0.6)

for everyp € L are strongly sequentially continuous.

For the case = 1 and bounded open intervalsRf we were able to show stronger
results that include also the asymptotic cases, exceptthate the asymptotic
‘diffusivity’ is almost everywhere infinite on the whole aval. We showed that
S and7 have unique extensions to sequentially continuous nSapsd7 in the
operator norm on the set of a.e. positive elements*®f2)\{0}. In addition, an
explicit estimate of the convergence behaviour of the mags/en,

S(P) = S(Pw) + O(|P — Poolln)- (1.0.7)
Furthermore, we explicitly calculatefl and7. The knowledge ofS and7 for
asymptoticp is essential for the purpose of preconditioning. Sicenaintains
continuity ongdL, the boundary value can be used as the dominant factor in a
perturbation expansion fa&(p) for p € L. By rewriting (1.0.7), we arrive at an
expression for a preconditioned operator:

=
|

X Ayr + O(|p = Polr).
Apdy = 1+ O(p=plh).

For preconditioning purposes, in this paper, we study thendary behaviour of

S for n > 1. We prove the strong convergence&(p, ) for any monotonically
decreasingp, ), .. We also characterize the associated limits for partictaaes.
The establishment of these results is the goal of the presdaole. As expected,
the limits are structurally simpler. Therefore, utilizitige limits as preconditioners
should lead to computationally feasible preconditioni@ne such approach was
taken by the first author ir2]. For showing effectiveness of the proposed precondi-
tioner, one utilizes spectral equivalences. For the dieonaf such equivalences,
operator theory provides the natural framework. Thesetmumssare the subject
for further study.
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Fig. 1: Red and gray color indicate high and low diffusivitglwes, respectively. (Left) Lions’
subdomain configuration. (Right) The configuration witHubivity values swapped.

2 Previous results and our improvements

The treatment of the diffusion equation with piecewise tamisdiscontinuous co-
efficient has been pioneered by J. L. Lioé [In his lecture notes, he considers
the limit of the solution of {.0.2 where the limit is associated to a one-parameter
family of piecewise constant diffusivitie@e)ae(()m) approaching zero on a sub-
domain€); of an open subse® of R™, n > 1. In this, the boundary of;
intersects that of2; see the left of Figuré.

Using a first order formulation of the diffusion operator,imitar piecewise con-
stant one-parametric approach was used,if][ but with diffusivities approaching
infinity on a subdomain; see the right of FigureBy a simple scaling argument, it
can be seen that the results based on such subdomain cotdigwan be repro-
duced from the Lions’ configuration and vice versa.

In addition to our aforementioned one-dimensional resuttsghe previous pa-
per [1], by assuming a weak notion of convergence&ifor n > 2, we showed that
the solution maps and7, defined in {.0.5 and (L.0.6 respectively, are strongly
sequentially continuous.

The basis of Lions’ results provides an abstract lemma whtatives a Laurent
expansion fok, in terms ofe satisfying the equation

51(§, &) +e52(8,&) = &lm (2.0.8)

for every¢ € X. Here,n € X is given andsy, so are prescribed sesquilinear
forms on the abstract Hilbert spacé satisfying certain conditions. The weak
formulation of (L.0.2 corresponding t@. leads to this class of problems. Lions
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sketched the proof, only. For the convenience of the redkisrJemma is given
in the appendix along with a full proof; see Lemm#.4and Lemmab.0.5 In
addition, Lions sketched the application of this lemma t® diffusion equation
with piecewise constant coefficients as an example. Herextesd Lions’ results
in various directions. In particular, we consider strongusons of the operator
equation instead of Lions’ weak solutions. Note that thaldisthment of these
results is based solely on the foundation provided in oucqaimg paperl].

i) We generalize Lions’ example to a theorem covering the cégliffusivities
which are piecewis€' up to the boundary of2; and(,, where; :=
Q \ﬁg instead of piecewise constant coefficients. Note that fer #s is also
the case in Lions’ result, the source functipris required to be an element
of W () which incorporates a regularity condition and a homogeseou
boundary condition.

i) In addition, we extend both Lions’ and our previous résily providing the
strong convergence of

(SPv))yens = (AEVI)VeN* ’

for a monotonically decreasing sequemgeps, . .. in £; see Theorer3.1.1
The coefficients in Lions’ case, i.e., one parametric piésewonstant coef-
ficients, automatically lead to a particular case of a mamo#dly decreas-
ing sequence of diffusivities. Differently from Lions’ agsour construction
does not require a particular configuration of subdomains ti@ other
hand, differently to Lions, our theorem does not give a cttar&ation of
the corresponding the strong limit. Also, Lions shows cogeace in the
stronger¥!-norm as opposed to convergence in fitfenorm, here.

3 Preliminaries
Definition 3.0.1. (Weak solutiong Let X be a non-trivial complex Hilbert space,

A : D(A) — X be a densely-defined, linear, self-adjoint and strictlyitpes
operator inX. Forn € X, we call¢ € D(A'?) a weak solution of the equation

A =1 (3.0.9)

(AVPE| A2 = ()€
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for every¢’ € D(A'/?).

Remark 3.0.2. We note that the ‘strong’ solution of the equatidh((9), ¢ :=

A~1p, is also a weak solution of that equation. In addition, by ljectivity of

A2 it follows the uniqueness of a weak solution. Hedice D(A'/?) is a weak
solution of the equation3(0.9 if and only if it is a strong solution 0f3.0.9), i.e.,
if and only if ¢ € D(A) and A¢ = 7.

We define the diffusion operator as operatoL#({2) and give basic properties.
Diffusion operators corresponding to diffusivities frohetfollowing large subset
L of L*(€2) will turn out to be densely-defined, linear, self-adjoineagtors.

Definition 3.0.3. We define the subset of L*(£2) to consist of those elemens
for which there are real’;, Cs satisfyingCs > Cy > 0 and such tha€y, < p <
Cy a.e. onf). Note that the last also implies thatp € £ and in particular that
1/Cy < 1/p < 1/C a.e. onf.

Definition 3.0.4. Forp € £, we define the linear operater : D(A) — LZ(f2) in
L2 () by
D(A) = {ue Wyc(Q): (1/p)Vyu € D(Vo*)}
and
Au = Vo*(1/p) Vyu
for everyu € D(A).

Theorem 3.0.5.Letp € L. ThenA is a densely-defined, linear, self-adjoint oper-
ator inL4(9).

Proof. See [, Theorem 4.0.9]. O

Theorem 3.0.6. Let 2 be in addition bounded with a boundary of cl&s$ and
pe CHQ,R). Then
D(A) = Wic(Q) n WEQ) . (3.0.10)

Proof. The statement is a simple consequence of elliptic regylarit O

The following statement will be used in the proof of Theorérh.1 Note that the
domain of the quadratic forng, is given by D(A'/?), which is generally larger
thanD(A). The same result holds if the domaingfis restricted taD(A). How-
ever,D(A) depends heavily on the diffusivity, whereas, accordinglid pmma
5.0.19], D(AY?) = W ().



Theorem 3.0.7.(Variational formulation ) Let X be a non-trivial complex Hilbert
space A : D(A) — X be a densely-defined, linear, self-adjoint and strictlyipos
tive operator inX. Further, let) € X andg, : D(A?) — R be defined by

(&) = (A2 AV2E) — (n|€) — (lny

for every¢ € D(Al/z). Theng,, assumes a unique minimum, of value

— Ay,
até = A7y,

3.1 Variational formulation

In the following, we show the strong convergence(ﬂi;ul)ueN* for a monotoni-
cally decreasing sequenge, ps, . .. in L.

Lemma 3.1.1. Let py, po, ... be a monotonically decreasing, i.e., such that for
everyr € N* the inequalityp, 1 (z) < p,(z) holds for almost alk: € €2, sequence

in £. In addition, letA;, A,, ... be the associated sequence of self-adjoint linear
operators. Then the sequende!, A;', ... is strongly convergent to a positive
bounded self-adjoint linear operator 64 (€2).

Proof. For this, letv € N*. Further, letf € Lz(Q) andg, s : W () — R be
defined by
v, (u) 1= CAS2u| APy — (flupy — Cul )y
:<un| (1/ﬁu)ku >2,n - <f|u>2 - <u|f>2

for everyu € W ().

HAzlx/sz% = <wa | (1/ﬁu)vwf>2,n

for every f € Wol(c(Q). According to Theoren8.0.7, ¢, r assumes a unique
minimum, of value

- <f|A;1f>2 )
atu, := A 'f. As a consequence, singe, ps, ... is monotonically decreasing,
it follows that
QV+1,f(u) = QV,f(u)
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for everyu € W -(2) and hence that

QV+1,f(u1/+1) = QV,f(uVJrl) = ql/,f(ul/) .

Hence it follows that
FIATED, S UFIA ), -

From the last, it follows thatd;', A;',... is a monotonically decreasing se-
quence of positive bounded self-adjoint operatorsLél(lQ) and as such strongly
convergent to a positive bounded self-adjoint operatoEH(12). O

3.2 Generalization of Lions’ Lemma

We provide the structures satisfying the assumptions ofrhafm0.5for treating
the diffusion equation(.0.4).

Theorem 3.2.1.Let 2 be a non-void bounded open subseR&fwith boundary of
classC?, Q, « R™ be such thaf2, =  and with boundary of clags?. We define
the closed subspack; of Wolv(c(Q) by the range of the isometric imbeddin@f

Wi ¢(€2) into W () given by.(f) := f for every f € W +(Q), where
. flx) ifxeQ
fla) = T TE

0 ifre\Q.

In addition, letp; andp, be a.e. positive elements &f*(€2) that vanish almost
everywhere orf), and ), respectively, satisfy;|Q; € C1(Q1,R), p2|Q €
C'(€23,R) and for which there arev,as > 0 such thatp; > «; almost ev-
erywhere or2;, j € {1,2}. Finally, lets; : (W -(2))*> — C be defined by

Sj(f, g) = <wa |pjvwg >2,n

for all f,g € Wyc(Q) andj € {1,2}. ThenW; (), X1, s1, so satisfy the
General Assumptiof.0.3

Proof. By

n 1/2
Ifl = (Z II(?kfI%)
k=1



forall f € Wolv(c(Q), there is defined a norm|| on Wol’(c(Q) that is equivalent to

|l 1. Therefore, without restriction, we can assume in the fathg thatW! ()
is equipped with the norrit||. Further, by use of the inequalities

5;(f; 9] = [KVuwf [PjVuwg )y, | =

n

< sl 35 10% £l1210% g2 < [pjlleo 151 91
k=1

D (0% o™ g,
k=1

for all f,g € WO{C(Q) andj € {1,2}, it follows thats; and s, are bounded
Hermitean positive sesquilinear forms. In addition, itdels that

n

s1(f,f) +s2(F, f) = (Vuf | (01 +P2)Vaf o = Y, 0% fl(p1 + p2)@* [y

k=1

>a ) 0% f3 = a|f]? (3.2.1)

k=1

for every f € W(},(C(Q), wherea := min{a;, as}. Further, it follows forf € X;
that

s2(f, f) = (Vuwl P2V S )gp = Co{Vuf | Vuf )y, = Co|f[?
and
51(f,9) ={Vuf |p1ng>2’n =0

for everyg € W (). Further, we note that:= s; + s, as sum of two bounded
Hermitean positive sesquilinear forms, is a bounded He@amnipositive sesquilin-
ear form. In addition, as a consequence®2()), s is positive definite and hence
a scalar product fol/ (). Also

S F) = (T f | (1 + P2V f dpp = 3 (@ Fl(p1 + p2)3 s
k=1

n
< max{ [p1 oo, P20} D 10 F13 = max{ [p1]eo, [p2]0} IS 1* .
k=1



for every f € WOI,C(Q). Hence it follows by 8.2.1) the equivalence of the norm
that is induced oV (2) by s and|| |. As a consequence, fere L(W; (), C),
there is a uniqug’ € W +(€2) such that

wzsl(fa')+s2(f7')'

In particular, ifker w > X7, this implies that

0=w(g) =s1(f,9) +s2(f,9) = s2(f,9) =Vl |P2Vwg s
= IV P2Vwg )y, = C(fl02) | Voo " (P200:) Vw2299 1, 0,

for everyg e W&C(Qg) n WE(Q2), where an indexX}, indicates the association
of structures td2,, instead of2. Since, according to Theoref0.6

{ Vo, *(p210.) V0,9 € LE(Q2) : g € Woc(Q2) n WE(Q2) }
is dense inL%(€2,), the last implies thaf vanishes a.e. oft; and hence that
w=s1(f,") .
In addition, ifg € W () is such that
w=s1(9,")

it follows that

0= <vw(f - g) |p1vwil>2,n = <f -9 | v0*]71vlz)il>2,7z
= ((f = 9lai [ Voo, " (pile)Vwaih )y, 0,

for everyh e W&C(Ql) n WE(€1), where an index); indicates the association
of structures td2,, instead of2. Since, according to Theoref0.6

{ Voo, *(p1la)) Vo h € LE(Q1) : he Wy e(Q1) n WE(Q1) }

is dense inL%(Ql), the last implies that — ¢g vanishes a.e. oft; and hence that
f —ge Xy. ]

We give a concrete example of the application of Lions’ Leninia4to the diffu-
sion equation1.0.4).
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Corollary 3.2.2. Let f € W&C(Q), e >0,k e Nu{-1}, andX; as in Theo-
rem3.2.1 Restriction of a function té); is indicated by an addition of an index
i.

(i) There is a unique:. € W (€2) such that

Aus = f.

(i) ThereisC' > 0 such that

k
Z duj —ue || < Cekrl
Jj=-1 1
whereu_; € X; anduo, ..., u; € Wl () are uniquely determined by
Vo p2eVyu_12 = f2,
0 ou_
—Vo*p11Vyuor = 0, (% - @—,,12) = 0, up=0,
099
ouj ou(s_
—Vo*p11Veuji = 0, ( 5 — 7%1,1)2) ‘ = 0,
0Q9
* — ey — . =
_VO p22kuj2 = 07 (UJZ u(jfl)l) |6Qz = 07

wherej e {1,...,k}.

4 Concluding remarks

Based on the foundation provided by our previous pafgrif this paper, we
generalize Lions’ results in various ways. Our results gleuvhe existence of
strong solutions of the operator equation instead of Liomsak solutions. In
particular, we generalize Lions’ results to include diffitses that are piecewise
C'! up to the boundary d®; and2,, where(2, := Q\ ;. Note that the geometric
configuration is restricted to the case that the boundafi€y and() have a non-
empty intersection. In the one dimensional case, a full attarization of the
limiting inverse operator is given in our preceding papdr independent of the
configuration. The other case corresponding to the righignirie 1, i.e., when the
boundary of2; has an empty intersection with that@fwith n > 2, is still largely
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open. On the other hand, for that configuration, a charaetigon of the limit of
the discretized inverse operators with piecewise constaeifficients is given by
the first author in$] using linear finite element and finite volume methods.

5 Appendix

The following are the assumptions for Lions’ abstract Lemma

Assumption 5.0.3.Let X be a non-trivial complex Hilbert space&; a closed
subspace oK ands; : X? — C, s : X? — C be bounded sesquilinear forms on
X, i.e., sesquilinear forms for which there are, Co > 0 such that

[si(€,m| < Ci gl ]

for all {,7 € X andi € {1,2}. In addition, lets;, s, be Hermitean, positive and
satisfy the following conditions.

(i) There isa. > 0 such that

s1(€,€) + s2(£,€) = af¢)?
forall £ € X,

(i) 1) s1(&¢) =0forall¢e X; andé’ € X,

2) for everyw € L(X,C) such thakerw o X, there is¢ € X such that
w = s1(&,+). In addition, if¢’ € X is such thatv = s1(¢',+), then
¢ —Ee Xy.

(iii) There isay > 0 such that
$2(£,€) = aa[¢]?
forall £ € X;.

Lemma 5.0.4. Assume5.0.3 Then, for everyw € L(X, C) such thaker w o X7,
there is a uniqué € X such thatv = s1(¢, 1) andsy (€, &) = 0forall ¢’ € X;.
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Proof. We note that, since, is sesquilinear, Hermitean and positive, there is a
uniquely determined positive self-adjoif € L(X, X) such that

$2(¢,¢") = ¢|TaE"

for all £, ¢’ € X. In the following, we denote by, the projection ontaX;. Then
the restrictionTy; of P75 P, in domain and in image td; is a positive self-
adjoint element ofl. (X7, X;). Further, since there is; > 0 such that for every
e Xy

$2(€,€) = (Pé|ToPi&) = (E|Tné) = as €|

Ty, is strictly positive and hence bijective. df is an element of (X, C) such
thatkerw o X7, then there ig € X such thatw = s1(¢,-). Also for&” € X3,
w=s1(&+¢",-). Then

s2(6+€",€) =0 (5.0.2)

for all ¢ € X, if and only if
(Tn ")) = 52(€", &) = —s2(&, &) = = &g = —(PITRE|E)
for all ¢ € X;. Hence, 5.0.9) is satisfied for alt’ € X if
¢ = —To' PiT¢ .

Further, if¢;, &, € X are such that = s1(&;,-) andsy(&;,¢') = 0forall ¢’ € X,
andi € {1,2}, then&; — & € X; and

0 =s5(61 —&2,61 — &) = & — &
Hencet; = &. O
Lemma5.0.5. Assume5.0.3 Forn € X, e > 0 andk € Nu {—1}, it follows that
() There is a uniqué, € X such that
s1(8,&e) +e52(€,&) = &lmy
forall £ € X.
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(i) ThereisC' > 0 such that

k
Z Ejgj - ée

j=—1

k1
< Ot

whereé_1 € X1 and&y, ..., & € X are uniquely determined by

32(575—1) = <£|77> for all ge Xl )
31(5750) = <£|77> - 32(575—1) for all ge X ) 82(6750) = 0 for all ge Xl )
sl(&?&j) = _32(£7£j—1) for all ge X ) 82(£7£j) =0 for all ge Xl )

wherej e {1,...,k}.

Proof. ‘(i)": Since s1, s5 are sesquilinear, Hermitean and positive, there are ulyique
determined positive self-adjoifft, 75 € L(X, X) such that

si(§,¢") = ¢IT:E")
forall £,¢ € X andi € {1,2}. Hence
51(€,€) +e52(6,€) = (T +eT2)E)
for all £, &' € X. In addition, there isv > 0 such that

51(6,€) +e52(6,) = ¢E|(TL + e T2)E) = a J¢)°

forall ¢ € X. As a consequencé) + ¢ Ty is strictly positive and hence bijective.
Therefore
(= (Ti+eTy) 'n

satisfies

31(676&) + 532(6768) = <§|77>
for all ¢ € X. Further, if¢’ € X is such that

s1(6,€") +es52(6,€) = Emp
forall £ € X, then

0= 31(5, - 6675, - fe) + 552(5, - 6675, - gs) = Hfl - 55”2
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and hence’ = &..
‘(i)’: Forthis, let £_q,...,&. € X and

k
ek 1= Z el¢; .

j=——1

Then

k
516 &er) T 52(E,€r) = Y, ln(6,€) + Z et s(6, &)

j=—1 j=—1

=

“le1(6,60) + M s + Y10 [51(6,85) + 52(6,651) |

j=0
for every¢ € X. Therefore, if
51(§,6-1) =0, 51(&,80) = &) — 52(€,6-1) » 51(§,&5) = —s2(€,§5-1)
forall £ € X, wherej € {1,...,k}, then
51(6,&x) + e 52(& Er) = Eln) + "o (€,61)
for all £ € X and hence
s1(6,6ck — &) +es2(6 6 — &) = " 1sa (€, &)

for all ¢ € X. In particular, this implies that

« Héek - ée“z < Sl(éek — &y &k — 55) +e 32(5&]6 — & &k — ée)
= P sy (Eer — &6, &) < O |6k €k — &l

whereCs > 0 is such that

|s2(&m)| < Ca €]l n]

forall £,n € X. Hence it follows that

&
ek — €l < = lexl 1
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In the following, we denote by, the projection ontaX;. Then the restriction
Ty, of P15 P, in domain and in image t&; is a positive self-adjoint element of
L(X1, X1). Further, since there is, > 0 such that for every € X;

$2(€,€) = (PE|ToPi&) = (E|Tné) = as €|
Ty, is strictly positive and hence bijective. Hence it folloves § € X; and
§q:= T{11P1?7
that
$2(€,€01) = E|TaTy Py = (PiE|ToTy Pin) = (€| PITo P Ty, Pup)
= Py = (Pi&lny = &y
Further, if¢’ ; € X is such that
s2(€,€54) = &m
for every¢ € Xy, then
0= 82(£L1 - 5—1>£L1 - 5—1) = 042H5L1 - f—l”2
and hencé’ | = ¢_;. Further, since
&l — s2(§,6-1) =0
for every¢ € X, it follows that
Ml = s2(é-1,)

is an element of_ (X, C) whose kernel containX;. Hence, by Lemm&.0.4
there is a uniqu€y € X such that

51(&,&0) = (&) — s2(§,6-1)

for every{ € X andsq (&, &) = 0 for every{ € X;. Finally, by Lemmab.0.4 it
follows recursively the existence and uniqueness, of. ., &, € X such that

81(6753’) = _82(575]'—1) for all 6 € X ) 32(575]') =0 for all 6 € Xl )

forje{l,...,k}. O
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